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Abstract 

QCD amplitudes with many external fields have been studied for a long time. At tree-level, the 
amplitudes can be obtained effectively by the Britto-Cachazo-Feng-Witten (BCFW) recursion 
relations. In this article, we extend the BCFW relations to the QCD amplitude of which the 
external fields are all massive or include only one massless line. We find such amplitude can 
be split into two parts and each part of the amplitude is of some correlated spin configuration 
between the two shifted lines. After choosing proper momentum shift scheme, we can show that 
each part is constructible directly. Hence, we can obtain a general procedure for the amplitudes 
in QCD by the BCFW recursion relations. We apply the procedure to several amplitudes as 
examples. We find such methods are very efficient when there are many massive external fields 
in the amplitudes. 
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I. INTRODUCTION 



Tree-level QCD amplitude have been well-study for a long time [lH8|. As the analysis 
in the spinor form of perturbative gauge theory have a explain in string theor y in 



twistor space. After that, the on-shell BCFW recursion relation was proposed in 



10- 



20|. This provide a very efficient method for the calculation of the amplitudes in many 



theories 



21 



27|. Such relation is accomplished by shifting the external momentum p{z) 
such that the external fields are still on shell and the momentum conservation hold. The 
amplitude with shifted external momentum are denoted as A{z). The recursion relations 



are effective tools if the following three conditions jl4| are met. (1) Rational condition: 
A{z) is rational, (2) Constructibility condition: it vanish for 2; — )■ oo, (3) Simple pole 
condition: the only singularities are simple poles. 

In QCD, for tree-level amplitude with general momentum, the first and third condition 
are usually met. However, the constructibility condition is not always the case. In fact, 
for the amplitudes with all massive dirac fields or only one massless gluon, we can not 
choose a momentum shift scheme such that the amplitude is constructible directly. To 
get over this obstruction, we split the general amplitude as a linear combination of two 
limited amplitudes. Each of them are constructible under some choice of the momentum 
shift scheme. This accomplishment mainly due to linear properties of the amplitudes 
with respect to external fields. Hence we can also use the BCFW recursion relations to 
obtain the general amplitudes efficiently. 

In fact such calculation can be even more simplified. The amplitude with different spin 
configurations for the massive lines are related. By acting with the raising or lowering 



operators j28| of the little group on the external fields, we can get the amplitude with 
all spin configurations from just one.. The three generators of the little group S0{3) for 
massive fields can be represented as the first-order differential operators with respect to 
spinors {2^ 

^ ' 2 y d\ ' dX d/3 dp 

n(J^) = - 13— + - A— - 
^ ^ 2 V^A ' dX dp dp 

^ ' 2 \ dX dX dp 'dp 



The conventions can be find in 



28| . In the particular calculations, the raising and 



2 



lowering form are more convenient 



V a/3 s\J 

In this article, we organize as follows. In Section Ull we discuss several kinds of 
momentum shift scheme and the corresponding ^-independent spin states for the massive 
fields. In Section llllt we explore the general procedures for the amplitude in QCD, 
especially for the case when external fields are all massive or contain only one massless 
gluon. We apply the procedure to some simple amplitudes and compare the results with 
the usual Feynman rules. Absolutely they are consistent with each other. 



II. THE MOMENTUM SHIFT SCHEME FOR THE AMPLITUDES IN QCD 

If the shifted two lines are all massless, the momentum shift and the application to 



the amplitude are well-known |l2l . l2lL |22| . In this section, we analysis the several kinds 
of two-line momentum shift schemes when some of the external line are massive fields. 
Under each shift scheme, we find it is possible to choose a spin state such that they 
are z-independent for the massive fields. For the massless fields, we can also choose a 
shift scheme such that the external wave function are proportional to ^ when the shift 
parameter z tend to infinity. Then we analysis the forms of the amplitudes in this limit. 
Since we focus on the amplitude is QCD, the massive and the massless lines are dirac 
fields and gluon fields respectively. 

We first discuss the momentum shift for two massive fields. We denote the shifted 
lines as qi,q2- Since the amplitudes are Lorentz invariant, we can choose a reference 
frame such that the two shifted momentum can be of form 

Pqi ^qi^qi ~^ PqiPqi ~^ ^^qiPqii 

Pq2 ~ -^92-^132 ~l~ /^<j2/^<?2 ^^qif^qi: (3) 

and 

{K,K)Wqi^K] + (A9i,/3,2)[4i.4] = 0. (4) 

It is easy to check that the momentum conservation are met and the external field are 
still on-shell after the shifting. Hence, the corresponding amplitudes are the on-shell 
scattering amplitude of particles with complex momenta. They can be computed by the 
usual Feynman rules. If the amplitudes are constructible, they can also be computed by 
the BCFW recursion relations. For two massive fields, the spinors are linear functions of 
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z. According to ([3]), the shift is accomphshed by 



/3g2 -> A 



'J2 



(5) 



and the other spinors in the two labeled particles are left invariant. Here c\ 
and = ciAg2 + ^i^qi- 



C2 



The spin states of these lines can be selected to be independent of z after shifting. For 
the momentum shift ([3]), the ^-independent states for two labeled particles are 



91 



91 



1 /A 



'92 



^92 



1 

C2 



A92 

-A 



92 



(6) 



Hence when external particles are all massive dirac field, we can choose all the external 
states to be 2;- independent even after shifting. 

Now we consider the case that one of the external line is massless gauge fi eld of + 
helicity. Then the amplitudes are constructible under the two-line shift 
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Vi = AiAi + z([A2,Ai]A2Ai + [/32,Ai]/32Ai), 

P2 = A2A2 + /32/32-2;([A2,Ai]A2Ai + [^2,Ai]/32Ai; 



(7) 



where pi momentum of the massless gauge boson and p2 is for the dirac fields. For the 
gauge field of positive helicity, the external field are of form 



(/X, Ai) 



Under this momentum shift, the gauge field transforms as 

+ Ml 



(yu, Ai) + z[A2, Ai](/i, A2) + 2;[/32, Ai](/i,/32) 
The z-independent wave-function of the shift massive dirac field is 

1 1 / A9 



(9) 



C2 



-A. 



(10) 



where ci = [f3g, Xg],C2 = [Xq, \g] and A, = Ag - z[Xq, \g]\g, f3q = /3g - z[f3g, Xg]\g. 



If the massless gauge field is of — helicity with spinor form e 



choose to shift the momenta as in 
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22| 



[Ai,A] 



then we can 



Pi = AiAi + z((Ai,A2)AiA2 + (Ai,/32)Ai^2), 

P2 = A2A2+A2/32-^((Al,A2)AiA2 + (Ai,;g2)Al/32), 



fill 
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Then the gauge field of negative hehcity transforms as 

Ai/i 



[Ai,/i] + ^(Ai, A2)[A2,/i] + z{\i,(32)[P2,P\ 
And the ^-independent wave function is 



1 f\\ 1 [ /3g 



ci XPJ C2 V-A 



[12) 



(13) 



where Cl = {Xg,\q),C2 = {\g,/3q), and Ag = A, - Z{\g, \q)Xg, f3q = f3q - z{Xg,/3q)\g. 

According to the discussion above, we find it is possible to choose proper momentum shift 
scheme and spin states such that the external states are z-independent and proportional 
to J when 2; — )■ oo for the dirac fields and gluons respectively. 

Under these conventions, we can argue that the amplitudes in QCD can are con- 
structible when choosing proper spin configuration and momentum shift schemes. Let's 
denote the shifted amplitudes as A{z). In general there are three cases. First, the ex- 
ternal lines are of two or more massless gauge fields. Second, external lines contain only 
one massless gauge field. Third, external lines are all massive dirac fields. 

For the first case, it is possible to choose to shift the momentum of two massless gauge 
bosons. The amplitude are constructive and the recursion relations for the amplitudes 
are well-known in 



21 



|22| for several years. 



For the second case, we can select one of the shifted lines to be the dirac field and 
the other to be gauge boson. As discussed above, the massive fields and the massless 
can be choose to be z-independent and to tend as ^ respectively. Actually, as discussed 
in the documents 2]J, the Feynman diagram with most high z-dependence are those in 



which all vertices along the complex path are trivalent composed of pure gauge fields. A 
complex path made up of such r vertices has r + 1 gauge boson propagators. Hence the 
amplitude at most tend to z^/z^^^ = 1/z as z ^ 00. Furthermore, we can also choose 
two quark fields or two anti-quark fields to be the shifted line. The behavior of amplitude 
with respect to z is the same as the third case as follows. 

For the third case, since we shifted two quark fields or two anti-quark fields, the z- 
dependence fiows pass through at least one internal gluon line. Furthermore, the external 
field can be chosen to be ^-independent. Hence the amplitudes in QCD of this spin 
configuration behave at most as - when z — t- 00. 

We call the amplitudes which are tend to vanish as directly constructive. The ampli- 
tudes with any spin structures will be studied in Section IIIII There are simple recursion 



relations for these constructive amplitudes 2l|, |22j 



•A{pi, ■ ■ -Pn) = ^^AliPr, ■ ■ -Ph ■ ■ ■ ,Ps, -P^)-^T-Z —^RiP^^Ps+U ■ ■ -Pj, ■ ■ ■ ,Pr-l), 

pt h 

(14) 
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where summation is over all partitions of the externa 
on-shell condition of the intermediate momentum 
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fields, z can be solved from the 



22 



(15) 



1 



-IP -Tl 

where is the momentum of the 2;-term in the shifted momentum. 

Actually, it is also possible to use three-line shift scheme. We shift the two quark 
lines and the other lines can be either gauge field or dirac field. In the former case, the 
momentum shift as l2| 



V\ = AiAi + + azAi/3i, 

P2 = A2A2 + /32/32 + teAi((A2,Ai)A2 + (/32,Ai)/32), 

PS = A3A3 + Ms + c^Ai((A3, Ai)A3 + (/33, Ai);g3), (16) 

where a, b, c are constants such that 

aft + 6((A2, Ai)A2 + (/32, Ai)^2) + c((A3, Ai)A3 + {Ps, = 0. (17) 

We can check that they satisfy the shifts conditions: external particle on-shell condition, 
momentum conservation and all multi-particle invariants shift linearly in z Since 
the three momentums are independent with each other for general momentums, the Eq. 
[T7]can be satisfied by choosing suitable constants a, b, c. 

It is easy to get the shift of the external massive dirac field. The spinor form of the 
dirac fields of momentum p = XX + (3/3 are 

.r.(-A (18) 



V A y V /3 / VA 

After shifting, the spinor of particle 1 can be chosen to transforms as 

Ai — !■ Ai + az(3i, 

h ^ A, 

Ai Ai, 

A ^ A. (19) 
This can be seen directly to write the momentum into the matrix form as 

(Ai.A)fi"^V','V (20) 
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Similarly, the spinors of the particle 2 and 3 transforms under the shift as 

Xi ^ A, + -(Ai,A) ((Ai,A,)A, + (Ai,A)a), 
m \ / 

A ^ A--(Ai,A,) ((Ai,A,)A, + (Ai,A)A 
Ai — >■ Aj, 

A ^ A- (21) 

According to f|T8|) . f|T9|) . fl2T]) . we find it is possible to choose a particular linear com- 
bination for the two independent solutions u± or v±. such that the wave functions are 
invariant under the shift. For example, we can choose u~ for the particle 1. 

For three-line shift, we should also sum of the three partitions of the shifted lines 

^{Pl,---Pn) = ^^AL{Pr,---Pi,Pj-- - ,Ps,-P!j)^^^-^AR{P!'j,Ps+l, - ■ -Pk, - ■ ■ ,Pr-l) 
pt h P 

+ y'y'^L(Pr,---]3j,Pfc--- , Ps, -Pjk) p2 ^ 2 -^niP^k^ Ps+U ■■■Pi,-- - ,Pr-l] 
pt h J" ^Jk 

+ ^^'^L{Pr,---Pi,Pk--- ,Ps, -Pik) p2 _^ 2 Ar{PLPs+1, " " "Pj, " " " ,Pr-l)- 



, u Pik-^P^ 
pt h ^sfe 



(22) 



We can also use a scheme with more shifted lines. Then the number of residues 
contribution to the amplitudes will become larger as we shift more external lines. In this 
article, we only choose the most efficient way. 



III. THE GENERAL PROCEDURE FOR THE TREE-LEVEL QCD AMPLI- 
TUDES 

At tree level, the QCD amplitude are generally constructible when choosing some 
particular spin configurations. However, for arbitrary spin configurations, the amplitudes 
are not usually directly constructible. In fact it depends on the shift schemes and also 
the varieties of the external particles. 

• The amplitudes with two or more massless gluons are constructible when we choose 
two of the gluons as the shifted lines. The shift schemes depend on the helicity 
configuration of the two gluons. To get the amplitude, we can first fix the spin 
configuration for the massive dirac fields. Then we use the recursion relations to 
obtain the amplitude with this spin configuration. The amplitude with any spin 
configuration can be obtained by acting the little group generators on to each each 
external field. 
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• If there are only one massless gluon in the external lines of the amplitudes, we 
should at least choose one massive field as the shifted line and the other shifted 
line is the gluon. Then the amplitudes are constructible only when the spin state 
of the shifted line are z-independent after the momentum shifting. Such spin states 
are related to the gluon spinor. Worse than all, the spinors of the spin states depend 
on the momentum of the shifted particle. Hence its external states are invariant 
under the little group generators of the particle. That means we can not get the 
other spin states by acting with the generators of the little group. As a result, we 
can not obtain the amplitude with another spin state for the shifted line by simply 
acting with the little group generators. 

Instead, to get the amplitude with another spin state for this massive line 1^ (with 
other external states left unchanged), we can choose the two shifted lines as follows. 
One of them is just this massive line. Another is a massive line If which can not 
annihilate into a gluon with Ic- This time, the momentum shift bases on Q. Since 
the amplitude is invariant under Lorentz group, we can choose a reference such 
that the spin state of the line If in the former shift scheme are z-independent 
automatically. Then according to the analysis in Section HIl the amplitude is still 
constructible. Hence we can get the amplitude with another spin state for Ic- 

Linear combining the amplitudes obtained form two different shift schemes, we can 
get the amplitudes with all massive field of independent and little group sensitive 
spin states. Then we can act the little group generators on the amplitudes to get 
the amplitude with general configurations. 

• Similar to the second case, with only massive external lines, we can also obtain the 
amplitudes with arbitrary helicity and spin configurations. But in the case, both 
of the shift schemes have to be chosen such that the shifted lines are two massive 
fields. 

Our final aim is to get a general procedure for arbitrary tree-level amplitudes in 
QCD with massive dirac fields. To this end, we first list the three-parton amplitudes 
which are fully determined by the space-time symmetry and the gauge invariance for 
the gluons. Then we use the recursion relations to relate any tree level amplitudes to 
the three-parton amplitudes. For convenience, we furthermore assume that the quarks 
are of different fiavors in the amplitude. However, it is easy to extend out method for 
the amplitude include the same fiavor. In this article, the momentum of each particle is 
taken as incoming. 
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A. Three parton amplitudes 




As explained in Section [ITl all the tree level amplitudes can be reduced to the three- 
parton amplitudes. We first show the formation of the three-parton amplitudes in QCD. 
There are two different kinds of diagram for the amplitudes 

ii 92 

il 91 

FIG. 1: Three-parton amplitudes in QCD. 

Actually, the general spinor form of these amplitudes have been analyzed in j28| for 
the massive case and in [27] for the massless case. For the amplitudes Aqqg corresponding 
to the former diagram, we denote the momentum as 

Pq = XqXq + l3ql3q, 
Pq = XqXq+l3ql3q, 

Pa = (23) 
For the three point amplitude Aggg with pure gluons, the momentum are taken as 



Pgi 


= ^gi^gij 


P92 


= Xg2 Xg2 , 


Pgs 


= Agg Xg^ , 



(24) 

Here we only need the tree level results. For the quark-gluon amplitudes, the formations 
are 

A ^ _T\ _ fe./3g](Ag,A,) A /-I ^ 1\ _ {Xg,Xg)Wq,Xg] 

^qqgK 2 ' 2 ' ^> [^^.A^] ' ^mg\ 2 ' 2 (A„Aj> 

A I'l zii — [Aq./3g](Ag,A,) . ^ n — (/39,Ag)[/3q,Ag] 

^mg\2-' 2 ' ^1 ~ [Pq'Xg] ' ^ma\2-' 2-'^' ~ {Xq,Xg) 

A_ 1 _1^ _ [/3g.A,](Ag,A,) . /_1 1 IN _ {Xg,l3q)[i3g'Xg] 

^9991 2 '2' ^) - [,3„A<,] ' ^m9\2^2^^) " (A^.Ag) 

A- (I i —^\ — [Ag.AqKAg.Aq) . n 1 IN _ (ffq,/?q)[/3g,Ag] 

^?99l2'2' ^) - [p^;Xg] ' ^mg\2^2^^! " (A„Ag) 

The three-gluon amplitudes are given by the standard MHV and MHV expressions 
^ggg{-^-^+)= (32) (31)' +' ~^ = "p][3T] ^^^^ 
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B. Amplitudes with two quark-antiquark pairs 



As a warming up exercise, we apply the general procedure to the amplitudes with two 
massive quark-antiquark pairs. As discussed above, to get the amplitude for the massive 
spin particles with arbitrary spin configuration, we need choose two different kinds of 
shifted schemes. Here, one is to choose two external quark fields as the shifted particles. 
The other is to choose one quark field and one anit-quark field with different flavor as 
the shifted flelds. 

First, we label the two quarks as the shifted particles qi,q2- Then the momentum 
shift as ([3]). We exhibit that the amplitudes with one particular spin configuration can be 
constructible. From the discussion in Section [Tll to make the amplitude constructible, the 
spin configuration for the two shifted particle should be chosen as (^''^), {f) = ( 
Here we use the symbol o to denote the inner product for the spinor index. For example, 
Pq2 ° /^qi = \2[\2: /^qi] + /3g2 [/^g2 ) /^gi ] • ^hc othcr two external fields, the spins are 
arbitrary. For the moment, we choose the spin to be ^ with respect to the momentum 
for each un-shifted field. 



We denote the gauge invariant sub-amplitude with this particular spin configuration 

— — — A ~ ~ 

as A{qi'^ , (ji^ , g|, )• The external waves of the fields are {^''^), (A^^, [f) , (Agj, /J^J 
respectively. The diagram contribute to the amplitude is 



92 92 92 92 





91 9i qi 9i 



FIG. 2: Amplitudes with two pairs of dirac fields. 



According to the on-shell recursion relation, we can get 

h 

2 / [4.4](\i,A3) {X,,,a)[b,Xg] \ ^ 2 I (Ag„A,,)[4,Ag] [4,6](a,Ag) \ 
{Pq^+P^ry (a. A,) ; {Pq,+Pq,y[ (A„A,,) [l^i^] J 

2 / [/3g-i,&](Ag,Ag,)(Ag-,,a) \ ^ 2 f (Ag-^, Ag,)[/3q-,,/3gJ(Ag,a) \ 

' {Pq,+Pq,?\ (a. A,) I {Pq,+Pq,?\ (Ag„Ag) )' 
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Such amplitude can also be obtained from the Feynman rules 

2 

(Pqi + Pqi 

2 



^(9i' ,9i' ,92,92' ) = 71 — ((V,\-2)[4i,^] + (\-i,a)[/3gi,4] 



(A,„ a) + (A,-„A,,)[6,/3,J . (27) 



The second equality is deduced according to the equation (jl]) and ([6]) since here we 
choose a particular reference frame and the external labeled particles are 2;-independent 
even after shift. The result obtained from two method are consistent. To see this, we can 



insert the identity operator 1^ = ' ' (Ai A2) ^' inner product of the left spinors 



,A2)(Ai,-,Ai)(A2, 
(Ai,A2> 

in (1271) . Then the inner product can be written as 

-(Ag2, a)(Ag, Xqi) + (Aq2, Xg){a, Xg^) 



(•^52,-^91) 



{a,Xg) 



{Ag^,a) - — r— . [ZH) 

Combining the equations fl28|) and fl27|) . we can find the amplitude obtained from the 
Feynman rules are identical with the results by on-shell recursion relations for the given 
spinor structure. 

Since the spin state of the Ith-quark field depend on the spinor of the 2th-quark field, 
we do not get the amplitude for general spin configurations. As the discussion above, we 
can not acting on it with little group generators directly to get the amplitude for any 
spin configuration. 

Before that, we should consider the second momentum shift scheme. We label 1st- 
antiquark field and 2nd-quark field as shifted particles. The momentums of them are 
shifted as ([3]). And the external wave-functions for the shifted fields are taken as 
(-^gi,/3gi), {f) = ( ^^"'^'O' While the wave-fucntions of the other two un-shifted par- 
ticles are still taken as (^''O, (Aga,^)- Such kind of amplitude is still constructible. 

The constructible amplitude, in which all external field are z-independent after mo- 
mentum shift, is 



^ ^ =1 \ - ^ 1 _ 

^(91 2 ,91 ' ,92,92' ) = 2^^L(9i,9i,^-Pi2,-/i)^^fl(^Pi2,?.,92,92) 

h ^12 

= 7 + (A52, A,-,)[&,4]) • (29) 

yPqi ' Pqi ) ^ ' 

For general external momentums, the z-independent spin states for the 2nd-quark field 
in above two shift scheme are different. Furthermore, the spin states of other field are 
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invariant. Since the amplitude are linear with respect to the external waves. We can 
recover the amplitude with general spin configurations for the 2nd-quark field by the 
linear combination of the two constructible amplitude. And for the independent spin 
state (— |) of the 2nd-quark field, we can also obtain the amplitude 

2 / ~ ~ ~ ~ ~ ~ ~ ~ 

^ 77, — TTTTyi ( (-^gi' -^92) [/^gi 5/^92] + {\i-:\2)[l^qi-, l^qi] +(-^925 •^gi)[/5g2 5 /^gJ + (-^925 •^gi)[/5g2 5 

yPqi "T Pqi ) ^ 



Then the amplitude with any spin configuration can be obtained by the actions of little 
group generators for each external line. 

±1 ±1 ±1 ±1 



{Pq^+Pq.: 



(^gt)"- iJ^T'^ {JiT"^ {JtT'^ '\ 11 , (31) 



where n = 0,1 when the spin equals ±i respectively. The amplitude obtained here are 
consistent with that get by usual Feynman rules. 



C. Amplitudes with one quark pair and two gluons 



These kinds of amplitudes were considered several times before j22l . 123] . Here we 
compute it in a different momentum shift scheme to verify the validity of our method. 

We first consider the amplitude with helicity configuration (1~,2^) for two external 
gluons and spin configuration q^, for external massive lines. The hat is denoted for 
the shift line. As discussed in section [Tll we shift the external momentum as (fTTj) in 
this case. Here the wave functions are = ^^"^ = i^^"^ for the incoming two 

[Al.Ml] [A2,«2] 

gluons and (^), (^'') for the two massive dirac lines, where (^), which is defined in (fT3l) . is 
z-independent state under the momentum shift . The Feynman diagrams for this process 
is shown in Fig. ([3]). 

As the analysis in section |Tll the amplitude with this helicity and spin configuration are 
constructible if we choose the momentum shift as (ITTll . Then according to the BCFW 
relation, the amplitude can be determined by the simple poles and the corresponding 
residues. Furthermore, The former diagram in the right hand does not contribute to the 
residues. Hence only the second diagram contribute a term to the amplitude. According 
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9i 




92 



9i 



qi 




92 9i 



qi qi 




92 



qi 



FIG. 3: Decomposition of the four-parton amplitude. 



to the recursion relation, the amplitude are simply 



h 



1 



Pi 



1 ( [i3q,h](\gp,a) {\^Ag2f 



-1 [/3g-,&](a,Ag,)(Ag,,Ag,) 

-^9191 AgJ 



(32) 



We can also get the amplitude from the Feynman rule but with more calculation. The 
second diagram on right hand of Figj3] contribute a term 

V{qi)l^u{q{) [g^P{p - p,,r + r{Vg. - PgX + r{Vg. ' vY] C(^?l)^;(^72). 

\Pq Pq) 

(33) 

Here we can choose the arbitrary spinors ^2 in the two gluons to be A2, Ai respectively. 
Then this term can be simplified into 



(Ag,,A2)[6, A2] + (a,A2)[4.A2] 
[Ai,A2]2 



(34) 



The contribution of the first diagram on the right hand of Fig. is 



(35) 



It can also be written into the spinor form 



(A,-,,A2)[6,A2] ^ JAi,4](A2,Ai)[6,A2] 



[A2,Ai][Ai,A2] [A2,Ai][Ai,A2]2p, 



(36) 
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Adding and (136|) . we obtain the amplitude 

(a,A2)[4,A2] , [Ai,4](A2,Ai)[6,A2] 

^Feyn — :^ r — 



[Ai,A2]2 [A2,Ai][Ai,A2]2p,-p,, 
(a,A2)[4,A2] , (A2,Ai)[6,A2] A. . . , [6,Ai][A2,4 



[Ai,A2]2 [A2, Ai]2pg -pg^ y [Ai,A2 

(A2,a)[4>^] 



(37) 
[Ai,A2])[6,Ai] 

It is easy to see the result are consistent with tho one from the BCFW reduction relation. 

To get the amplitude with other spin configuration for the massive dirac lines, we also 
can not act with generators of the little group directly. Here, the spin state of the quark 
line are not independent but related with the spinors of a gluon. In fact the spin state 
for the quark field is (^) = {^^^)- 

We should first get the amplitude with all the massive external fields of independent 
spin states. To this end, we choose the 2-gluon and the quark field as the shifted line. 
This will help to get the amplitude with all external configuration invariant except for 
the quark field. The amplitude is constructive under this kind of shift only when the 
spin states of the quark field are related to the 2-gluon. Actually, the spin state of 
constructive amplitude have to be chosen as {^^^)- Then by the BCFW recursion 
relation, we can get the amplitude with the quark spin state changed while other spin or 
helicity configurations invariant. 

If we shift the momentum of the quark field and 1-gluon field as (fTTj) . the amplitude, 
in which quark spin state are (|) = {^^^), are constructible and hence can be obtained 

by the BCFW recursion relations. We denote this amplitude as A{q^ ,1^ ,2^ , q^J,)- In 
this kind of shift scheme, both Feynman diagram contribute poles to the complexified 
amplitude. The second diagram in right hand of Figj3] lead 

[46](V,a) (Ai,A2)=^ 



^1 = T^T 

<?<? 



[b,Xgp] (^sp) -^2)(A(,p, Ai) 
[/3g,6](Ai,a) 



[&,A2][Ai,A2] 
And the first diagram leads 

. _ 1 f (Ag-,A2)[4p,6] + [6./3g-](A2,A,,) (/3g„Ai)[6,6] + [ei,V](Ai,a) 

A.2 — X — z ^ s — : 

^'i^- \ [A2,6] [Ai,ei] 

^ (A,-, A2) [V, I2] + [I2, /3g-](A2, -/3gp) ^ (A,p,Ai)[&,ei] + [ei,-4p](Ai, a)' 

+ ' X 



(38) 



[A2,6] [Ai,ei 
[&,4-](Ai,A2)(Ai,a) 



Pl.-^^ [A2,&] 



(39) 
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To deduce the second equality, we choose the most convenient gauge = ^2 = b. From 
the Feynman rule, we can also get the amplitude for this spin and helicity configuration. 
The results is exactly the same as the one from the BCFW recursion relation 

^ 1 [6,4-](Ai,A2)(Ai,a) , 1 [4,&](Ai,a)(Ai,A2) ,,,, 
A{q,l ,2 = , _ , 7^-^-. + -(40) 

The amplitude discussed above are all of correlated spin states between the quark 
field with a gluon field. However, if the two gluons are not collinear, the spin state of the 
quark field are different for the two kinds of shift scheme. Hence, for any independent 
spin state for quark field, the amplitude can be obtained as a linear combination of 
the amplitudes which are constructive under the corresponding shift scheme. Then the 
amplitude with other spin configurations are directly to obtain by acting with the little 
group generators for each external massive lines. For example, the amplitude with spin 
and helicity configuration {q^ , 1~, 2~, q^) is 

Aiq^,r,2-,q^) = -^^^^^A{rA-,2-,q^) - ^^^^hM^ 

m{Xi,X2) 2 m(Ai,A2) 2 

^ [Pq, A2 OPq](Al, A2)(Al, Ag) + [i3q, Aj O Pg] (A2, Aj) (A2, Ag) 

4Pg ■ PgiPga " Pgi 

The result obtained by our method is the same as the one in Feynman rules. For 
the amplitudes with other spin configurations, we can calculate them by acting with the 
little group generators for the quark field and the anti-quark field. For other helicity 
configuration for the gluons, we can obtain the amplitude similarly. 



(Al,PgO A2) (-^(PgO A2,Ag)(Ag,Al) + (Al,Ag)[^g,A2] 

A{q-,l-,2+,q-) 



A{q^,l+,2-,q^) 
A{q^,l+,2+,q^) 

Similarly as (13T]) . the amplitudes with other spin configurations for the quark and anti- 
quark lines can be obtained by acting with little group generator TZ{J~^) on them. 





4=Pq ■ Pg,Pg2 ■ P91 




[Al,Pg A2] 


i[p^2jqmXl] 


+ [Al,/3g](Ag-,A2)) 


(Ag, A2 Op^)[Al 


"^Pq ■ PgiPg2 ■ P91 

,A2][Al,;gg] + (Ag-,Al 


0Pg)[A2, Ai][A2,/3g] 


4Pg ■ Pg,Pg2 ' P91 



D. Amplitudes with two quark pairs and one gluon 

In this section, we consider the amplitudes with two quark pairs and one gluon for all 
the spin and helicity configurations. We have to choose one massive field as the shifted 
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line qi. And we can select another field to be either the massless gluon g or another 
massive fields g2- As discussed in the second item at the beginning of this section, to 
obtain the full amplitude, we need two different pairs of the shifted lines. One is of the 
shifted lines qi and the other is to shift the lines qi and g. 

We first analysis the case when the shifted lines are qi and g. For the moment, we set 

the helicity of the gluon to be + and the spin of other unshifted line are We denote 

-1 -1 -1 

the sub-amplitude as AR{g~ ,g2 iQ-i iQi i9i)- The momentum shift is accomplished 
according to f lTT]) . Hence the wave function of the shifted lines should be (fT2|) and (fT3|) for 
qi and g respectively such that the amplitude can be constructible. Then external wave 
function are -M-, (Ag^, /3gJ,(^''2j, (Ag-,,/3gJ, {fj respectively, where Ag = + zXg o 
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and {j^ = (^-~-*)- In this case, the diagrams contribute to the amplitude are 



52 91 q2 qi q2 qi 

92 



-^^(^^ = 92 --^^(^ + 92 -^-v^v^v^ 



qi 9 qi 9 91 



FIG. 4: Decomposition of the five-point amplitudes after shifting the lines g and qi. 
According to the diagram, the amplitude can be expressed as 

-^Rig', 92^,g^,g^,gl) = Y] AL{g', q2, C^'"""')^;^^ — Q2, qi, gi) 



+ ^^L{g ,g2,g2,^-p,,2,_J^^R(^p,,2,,,gi,gi). (43) 



p2 

912 



According to the result in subsection IIII AIIIIIBI and IIII C\ we can get the spinor form of 
the amplitude 



-1 -1 -1 



^R{g ,^2' .^2" ^gi >^i) 
^ 1 2 (A,-„Ai) 

X ((AgJ^I/^gJlV.^ga] +m(Ag,, A,2)[6g,,/352] - [^g2|P|agi)[42,/3gJ - m (Ag^ , a^^ ) [% , ^g^; 

1 [/3g2, A2 OPg2](Aj, A2)(Aj, Ag,) + [^g,, Aj OPga](A2, Aj)(A2, Ag,) (Ag-,, Ag,)[/3g^, Aj] 

-^9191 ^Pq2-PgiP92-Pgi (Agi,A/) 

1 [A/,Pg2 O A2] O A2,/3g2][/3g-2, A/] + [A7,/3g2](Ag-2, A2)) [/^ , /J^ J ( A J , Ag, ) 

4Pg2 ■ Pg.Pga ■ Pg, [/^^i , A/] 



+ 
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Here and the following, the z values are dependent the intermediate massive lines and 
the chosen momentum shift scheme according to (IT^ . 

The amplitude with other spin state can be obtained by shift the line and q^. The 
momentum shift is accomplished by ([3]) and (jl]). Then the z-independent spin states of 
them are f^'^), (?) = { , Other external line are chosen as above. We denote 

-1 -1 -1 

this amplitude as Ab{s} -:9'i i92 i9i i9i)- The diagram contribute to the pole of the 
amplitude are 



92 



91 



92 



91 



92 



91 



92 



9i 



92 




92 




92 




92 




91 



91 



91 



9i 



FIG. 5: Decomposition of the five-point amplitudes after shifting the lines q2 and qi. 



The amplitude can be written as 



-1 -1 -1 



^r{9 ,92^ ,92^ ^9i ,9l) = ^-^1(9 ,(l2,q2,9-p^^^_ 



p ' - 



+ '^■^L{qi,qi,9 ,9-p, 



qiqi 
1 



1 



ARigp^^-^^,q2,q2) (45) 



92 'J2 



In the spinor form, the amplitude become 
-1 -1 -1 
»4r(^",^2' ^92' ^9i ,9l) = 



P2_ 

QlQl 



+ 



+ 



4^92 ■ PgiPg2 ■ P91 («' A/) 

1 [^i,Pq2 o A2] (-^bg2 ° A2, f3g,][f3g„ A/] + [A/, f3g,]{Xg„ A2)) l^^Xi, a) 

9191 



4P(j2 ■ PgiPg2 ' Pgi 



[b,Xj 



(a, Ai) 



n'91-^? (^292)^ [Ai,fc] 

X ((Ag2l^99il^][/^g2>/3gi] - m{Xg,, Xg^)[(3g^,b] + {Xg^\PggAb][(3g^, (3g,] - m{Xg„ Xg^)[(3g^, (3g, 

1 [f3g,, Xi o pg^]{Xi, Xi){Xi,a) + Ai opgJ(A/, Ai)(A/,a) {Xg^, Xg^)[/3g^,Xi] 



P2_ 
9292 



+ 



^Pqi-PgiPg, -Pgx {K2A1) 

I [X,,pg,oXi] o Aj,&][4,Ai] + [Ai,&](A,-„Aj)) [4 J^^](A,,Ag,) 

par 

9292 



4P9i ■ Pg.Pgi ■ Pgi 



[/^ga) Ai 



(46) 
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According to ( H^ and (H6|) . we can get the amplitude with independent spin states. 
For example the amplitude with spin ^ for massive lines and helicity — for the massless 
gluon is 

Anig-rgf.gf.-gf.a?) = ' \ ^^^9', gf , gf , g? , gl) 

(^I'V) A . - 



^ :M{g ,g2 ,g2 .gi .gl)- (47) 

Similarly, the amplitudes with other spin configurations can be obtained by acting with 
little group generators on them. 



IV. CONCLUSION 



In the article, we discuss the scheme of shifting two massive lines. Moreover we also 
consider the case that one of the lines is massive and the other is massless. We find 
it is possible to choose the spin states for the massive line such that the massive fields 
are z-independent under the momentum shift. Meanwhile we can also choose the proper 
momentum shift scheme such that the massless external fields tend to - under z — )■ oo. 

z 

According to these properties, we get the recursion relations for the amplitudes which 
include < 1 external gluon. We find such amplitude can be divided into two parts which 
are of relevant spin states between the two shift lines. Each parts of the amplitudes in 
QCD are constructible directly when we choose proper momentum shift scheme. 

The general procedure for the amplitude with fewer than two external massless lines 
in QCD are as follows. At the beginning, we set a massive line 1^ as one of the shifted line 
in the two line-shift scheme. Another shifted line li can be either massive or massless. 
The spin configuration for other massive line is fixed. The line li should be chosen such 
that the amplitude is constructible for at least one spin state of 1^ under a momentum 
shifting scheme. Then we solve a 2;-independent spin state for 1^ and we find it should be 
related to a spinor in li and also dependent on the momentum shifting. According to the 
BCFW recursion relations, we get the amplitude with this particular spin configuration. 

Second, we replace li with some other line I2 such that the spin state of 1^ of the 
constructible amplitude are different for the former case. Other spin and helicity config- 
uration is same as before. Similar as the first step, we can get the amplitude with this 
spin and helicity configuration by the BCFW recursion relations. 

Third, we calculate the amplitude with arbitrary spin state for line 1^ by linear combi- 
nation of the two directly constructible amplitudes. This is a result of the linear property 
of the amplitude with respect to the external fields. 

Fourth, we act spinor forms of the little group generators to the amplitude with a 
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fixed spin configuration for the massive fine. We can obtain the amphtudes with any 
spin configuration directly. 

As examples, we calculate the results of spinor form up to 5-parton amplitudes. And 
we also compare our results with the usual calculation in Feynman rules. Absolutely they 
agree with each other exactly. The amplitudes with more external lines are also easy to 
obtain. In principle, it is probable to write a computer programm for this procedure to 
calculate any tree level amplitude in QCD. For the theory beyond QCD, the procedure is 
also very powerful in the calculation of the amplitudes even though there are two many 
massive fields in the external fields. Especially for the theory with massive high-spin 
particles, we will discuss the amplitudes in another independent project. 
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